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The multiplicative ergodic theorems establish the exis-
tence of this limit for a large range of situations. Tra-
jectories with positive Lyapunov exponents are unstable
against small perturbations. When the unstable orbits
have non-zero measure in phase space, the system is said
to be chaotic. A positive principal Lyapunov exponent
will dominate the long term dynamics. Setting 
1
to be
the principle eigenvalue, the asymptotic form of the evo-
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where jf(t)j = 1. If X
1
(t) is real, then f(t) = 1.
A gravitational wave can be decomposed into two po-




















are the antenna patterns for each po-
larization. The antenna patterns for LIGO and LISA can
be found in Refs.[9] and [10] respectively. The gravita-
tional wave amplitude h(t) measured at the detector can
be expressed in terms of the phase space variables X
i
(t).





















Employing an eigenvector basis and using the asymptotic














is an oscillatory factor with bounded amplitude. The
divergence of the waveforms can be better expressed in
terms of their relative phase. Writing the amplitude of
the reference trajectory as h(), and dening 
0
(t) to be
the phase for which h(
0































is equal to the principal Lyapunov exponent of the tra-
jectory. In other words, the waveforms of nearby trajec-






A couple of comments are in order. Firstly, the limit
t ! 1 used in equations (6) and (13) will return
 = 
h
= 0 if we include the eects of radiation re-
action. This reects the fact that the dynamics is not
chaotic in a formal sense[4]. The limit t ! 1 has to
be replaced by the limit t ! T , where T

 T  T
c
.
This is done by replacing the Lyapunov exponent by a
nite-time or local Lyapunov exponent[11], and making a
similar change to (13). Clearly, the whole notion of wave-
form decoherence only makes sense if the Lyapunov time
scale T

is very much shorter than the chirp timescale
T
c
. It remains to be seen if this condition is satised
for any realistic systems. The second comment concerns
the gauge non-invariance of the Lyapunov exponents and
the choice of time variable. Lyapunov exponents gained a
bad reputation when they were used to study the Bianchi
IX dynamics. Dierent time slices yielded principal Lya-
punov exponents that were positive or zero, making it
diÆcult to decide if the dynamics was chaotic. However,
this diÆculty can be avoided by making relative, rather




is the same in any coordinate system, so the choice of
time variable is irrelevant. The confusion surrounding
the Bianchi IX dynamics could have been avoided if the
Lyapunov timescale had been compared to the average
time between bounces[12].
We can illustrate the connection between orbital in-
stability and waveform decoherence with a simple exam-
ple. Consider the Lagrangian for a test particle in the







































The system is completely integrable (non-chaotic) as it
has four generalized coordinates t; r; ;  and four con-
stants of motion, the mass , energy E, z-component
of angular momentum L
z
and total angular momentum
squared L
2
. Despite the lack of chaos, the dynamics does
admit isolated unstable orbits that serve to illustrate the
connection between orbital instability and waveform de-
coherence. Restricting our attention to equatorial orbits




























































 = !t : (17)
Perturbing the equations of motion about the reference
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(r + 1)  L
2










= 0 : (19)
The well known innermost stable circular orbit at r = 6









orbits with larger values of L come in two varieties, those
with r = r
+
and those with r = r
 
, e.g. setting E = 1
and L = 4 yields orbits with r
+
= 12 and r
 
= 4. The



















































= (1; 0; 0; 0) : (20)
Since the zero eigenvalues have degenerate eigenvectors,
K
ij
can not be diagonalized, but it is enough to put K
ij





















































In terms of the transformed phase space coordinates the
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Taking the limit dened in (6) yields the principal Lya-
punov exponent  = 1=2
p
2. The Lyapunov timescale






2, is actually shorter than
the gravitational wave period T
w
= 2.
Next we need an expression for the gravitational wave
amplitude in terms of the phase space variables. The cor-
rect approach would be to solve the Teukolsky equation
using the method described by Hughes[5], but no ana-
lytic solutions exist in the strong eld limit. Instead we
will use the quadrupole approximation, knowing full well
that it is being applied outside of its domain of validity.
Since our goal is to illustrate a general phenomenon - not
to produce accurate templates for LIGO data analysis - a
qualitative description of the waveform's dependence on
the phase space variables will suÆce.













, where the polarization














= 1 : (24)
A detector situated at r = R on the z axis will encounter








































and similarly for the cross polarization. Specializing to




































sin 2 : (26)
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As promised, the phase dierence grows exponentially on






I would like to that Scott Hughes and Janna Levin for
several interesting discussions.
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